The necessary and sufficient conditions for accurate construction of a Lyapunov function and the necessary and sufficient conditions for a set to be the asymptotic stability domain are algorithmically solved for a nonlinear dynamical system with continuous motions. The conditions are established by utilizing properties of o-uniquely bounded sets, which are explained in the paper. They allow arbitrary selection of an o-uniquely bounded set to generate a Lyapunov function.
INTRODUCTION
In his fundamental dissertation 1] Lyapunov referred to papers by Poincar6 [2] , [3] as those inspiring him to establish a method that has become fundamental for qualitative and stability analysis of motions of a very general class of nonlinear systems.
The promising methodological effectiveness of the Lyapunov method has not been fully achieved due to the need to construct a system Lyapunov function. Significant results on a Lyapunov function generation were initiated by Zubov 14] . The literature on the Lyapunov method is too vast [9] - [11] , [13] , [14] to be referred to herein.
The problem of the necessary and sufficient conditions for constructing a Lyapunov function and the problem of the necessary and sufficient conditions for a set to be the asymptotic stability domain have not yet been solved. Solutions to these problems will be established by using properties of o-uniquely bounded sets. Their features will be explained briefly by referring to [7] , [8] , where they were discovered and studied. [4] - [6] , [9] , [11] , [14] . The stability domain D, and the asymptotic stability domain D ofx 0 are defined in [5] , [6] . We shall refer to those definitions in the sequel.
For the system (1) with Weak Smoothness Property, the stability domains are mutually related as follows:
LEMMA 1. If the state x 0 of the system (1) possessing Weak Smoothness Property has both the domain of attraction Do, S 2)Do, and the domain of stability D,, then they and the asymptotic stability domain D are interrelated by D, 2)D, D-D,.
PROOF. Let x 0 have D, S 2) D, and D,. Then it has also D because D D, CID, and both Do andD, are neighborhoods ofx 0 [5] , [6] . Letx0 [5] , [6] Xo D, so thatD, D_Do andD -D,, -D, tqD, [5] , [6] .
ON THE DEFINITION OF A POSITIVE DEFINITE FUNCTION
The notion of a positive definite function is used in a broader Lyapunov sense [1]. DEFINITION 1. A function v: R" R is a positive definite if and only if there is an open connected neighborhood A of x 0, R" 2) A, such that 1) v(x) is uniquely determined by x CA and v is continuous onA" v(x) C(A), 2) v(0)-0, and 3) v(x) > 0 for every (x 0) 6A.
DEFINITIONS AND PROPERTIES OF O-UNIQUELY BOUNDED SETS
O-uniquely bounded sets were introduced, defined and studied in [7] , [8] . (ii) The function u is the generating function of the uniquely bounded set U if and only if they obey (i) for N R". Lemma 2 and Definition 4 imply the following corollary [8] . COROLLARY 1. If a function u is the generating function on N of an o-uniquely bounded set U then for any > 0 for which N _ _ . N; the subset U; of N is a connected open neighborhood of x 0 that is also an o-uniquely bounded set with the generating function u on N.
SOLUTIONS VIA O-UNIQUELY BOUNDED SEI
We shall make use of the family E(S;f) defined as follows. [5] , [6] show that it has also the attraction domain Do, Do D_D. It is a neighborhood of x-0 due to Definition of D, and S is a neighborhood of x -0 in view of the smoothness property. Hence, D,, fqS ,, O. Let us prove S D D. If OS O, then S R" and S _D D due to R" :3 Do. If OS 0, then we shall consider both x 0 tE OS and x ft. (R" ). Ifx .O S, then x0 D,, due to (ii) of Strong Smoothness Property. Therefore, OS f'lD -0. If x e (R"-), then for x(t:x) 0 as +oo it is necessary that there is t" tER/ such that x(t*;x) tE 0S, because D and S are neighborhoods ofx 0,x and the motion x(t; x0) is continuous in R/ due to (ii) of [9] ). This proves necessity of the condition 1). From N -D -D,,, D, _D D,,, and Definitions of Do and D it results that x 0 is the unique equilibrium state of the system (1) in N, which implies f(x) 0 for x E N D if and only if x 0 (Proposition 7 in [6] ) and proves necessity of the condition 2).
From N D it follows that the interval I0 of existence of x(t;Xo) equals R/, I0 R/, for every x C N, due to Definitions ofD,,, Ds and D [5] , [6] . Let U be arbitrarily selected open o-uniquely bounded set such that N U and its generating function u on S obeys u 6/E(S;f). Such a set U exists because S is open neighborhood ofx 0 CLemma 2). Definition 3, Property U, and Lemma 2 show that the function u is also positive definite on S. Since S _2) N D then the function u is the positive definite generating function on N, too. The property of u E(S;f) ensures existence of Ix > 0 such that there exists a solution function v to the equations (5.1), which is well defined in R and continuous for every x 6/B,, that is that vCx)l +oo for every x', and v(x)C(B'-. Sufficiency. Let all the conditions of Theorem hold. Then, S _D N. Two possible cases will be considered separately: a) N is a bounded set, b) N is an unbounded set. a) Let N be a bounded set. Then, under the conditions of the theorem to be proved all the conditions of Theorem by Vanelli and Vidyasagar [12] are satisfied, which proves N D.,. Since Do D (in view of Weak Smoothness Property implied by Strong Smoothness Property and Lemma 1), N -D. b) Let N be an unbounded set. Under the conditions of the theorem to be proved the zero state x 0 of the system (1) is asymptotically stable (cf. Yoshizawa [13] ). Hence, it has the domain of asymptotic stability D. Since The properties of the generating function u of an o-uniquely bounded set U are essential for the accurate one-shot determination of the asymptotic stability domain. However, such properties are not needed for asymptotic stability of x 0 only. This is clarified by the next result. is defined [5] , [6] as the neighborhood ofx 0 such that x(t;xo)ll < e for all R/ holds iffxo D,(e). By following the proofs of (5.13) and (5.14) , we prove that v, defined by (5.24), has the following properties The function v and the setN S obey all the conditions of Theorem 2. Therefore, x 0 of the system (6.4) is asymptotically stable with the domain D of its asymptotic'stability obtained as D -N -S, that is that D {x:x S:', Ix1 I< 1, Ix I< 1}.
CONCLUSION
The necessary and sufficient conditions for asymptotic stability of the zero equilibrium state and for a set to be the domain of its asymptotic stability are proved in an algorithmic form that enables accurate construction of a system Lyapunov function. If a function v obtained from D/v --u for an arbitrarily chosen u, which is a generating function of an o-uniquely bounded set, is not positive definite then the zero state is not asymptotically stable. There is no sense to try with another function u. However, if so derived function v is positive definite then the zero state is asymptotically stable. In this way the problem of an algorithm to construct accurately and directly a system Lyapunov function has been solved. However, it imposes other very complex mathematical problems: the problem of finding conditions on u guaranteeing existence of well defined and continuous v satisfying (5.1)on anyhow small neighborhood ', ofx 0, and the problem of solving (5.1). These problems have not been solved.
Theorems of the paper open and initiate new directions in the Lyapunov stability analysis.
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